
Math 451: Introduction to General Topology
Lecture 6

Examples (continued
1) In (RYda) all open rectangles are open sets

,
where an

open rectangle is a set

of the from I
, XIX ... XIn

,
where each In EIR is an open interval.

Proof, For x R := IXIX ... xIn , we see that each coordinate XREIR
,
-Ball

let 330 be sale that #X-r , Xetin). In
.

Set 2 := min In
I

12 led d = 2
QEDthen Bg(x) ? R.

(2) Let I be a
ctbl monempty set and X=** with the "realders" metric

,

defined previously.
·
I Recall that every cylinder [m]

,
fr we I is an open ball

0 I

Do of at
any xI that extends w /write XXU)

,
and also a

24N 010 I

closed ball at x
. In particular , sw] is open.00g 01. g10 e

Il

O Ckim
.

[w] is also closed
.

000,aso Proof
.

Let n:= 1h (m)
·

Then \n]" = &[v] here las' is
u

open being a unior of openE sets
. Here (v)2. -r

.FOR
is closed. QED

Thus everycylinder is open ,
i. s . closed and open.

Obs
.

For any cylinders [W] and [r]
, they are either disjoint or one isentained

in the other.

Proof
.

If the word wor then (WJECV] . If WDV and UPW ,
then I : < flu)

,
this

with W(il + v (i)
,
heace [v] 19v] = 0.

Prop . Every open set in Im is a ctbl union of disjoint cylinders.
Proof . let U2I" be open . Take W := GWEZ : (wJEC and shorter vaw

with [V]=U) . Clearly for any two distinct m
,
NEW

,
we have n,d/We

and Wed W , so [Wis19m] = 0 . Thus it suffices be show that U = V [m]
wel



barWBuTodoSee
sit

.
x [v] = U .

Let nav be the shortest s
.

t
.

(usEU
.

Then neW ,
QEDsox V [r].

NEW

Pop. Let IX , d be a metric space and YEX
. Then the open sets in the subspace (4, d)

are exactly sets of the form UNY where REX is an open set in IX, d).

Proof
.
HW .

Examples.
let X : = IR with the usual metric d.

(a) If Y = 10
, 1)

,
then It , B is open in the subspace (Y

,
d)
,
in fact

it is the open ball at 1 of radies 2
.

1) If Y = CO, V323
,
men 423 is open in the subspace (4

,
d)
,
in fact

323 = BI (2) .
hi3 is closed in Y because 47923 = 10

, 1 is open size 10
,
D = (5 , 2)14.

Limits of sequences in metric spaces.

Recall that a sequence (n) is just a function with domain IN.

Def . For a subset PIIN
,
we write:

VanE nep if all but finitely many neI are
in P.

Equivalently , JhEIN Fn >-k neP
,
i
. e . eventually XnEP.

Thus
,
F = JreIN En> k.

-
*

ntIN nep if there are infinitely many n in P , i . e .

P is infinite.

Equivalently , FREIN 5nck neP.

Thus
,
J = XREIN Furk .



Obs
. (not VeIN neP) = JaneIN nAP

.

(not J% EN neP) = F*EI n DP.

Deto let (X
, d) be a retric space ,

(2) = X be a sequence , and xEX. We
say that

(x) converges to x
,
and wride linxn = x

,
if #30 ENEIN FnzNdlx, x)< 3.

n-&

Von Xu = By(x)
In other words

,
for every open ball B at x

,
for all but finitely many n

,
XnEB.

Prop . Let (X
, d) be a metric space , (xu)

= X be a requence ,

and xeX
.
TFAE :

(2)limxu = X ,
i
. e

.

for every open ball atx , V XEB

(2)F
open

USX
.

FO XuEU
.

This is the "correct" definition of convergence .

(3) limd(xa ,
x = .

Proof
. (1) (2 (3) is a chasing - Refinitions proof . HW

(2) => (1) is trivial since open balls are open sets.

(7) = (2)
,
let Nex be open .

Then there is a ball B at x with B=U
.

But Rea by III ,
* Xu BEY .

QED

Propluniqueness of limit) . Let 14
,
1) be a matric space and (xu) = X be a requence.

Then the limit of (xu)
,
if exists

,
is unique , i . e .

for all x
,
XeX if

linxu = X and linxu = x'Mon x = X
.

Proof
.

"Let XX' andsuppose that linxu = X
.
We chor that limxntX

n+0

then Br(x)1 Br(x)Since X* X , d(x,x) > "& so take r := Edix,x.j

↑

-
-

x = ①
.
But F & XnEBr(x) hence &n Xn#Br(x1)

,
in particular,

QEDnot& x = Br(xi) .



Obs
.

In a metric space (X
,
d)
,
if a sequence Kal converges then it is bounded

,
i
.
e.

Exc] is contained in some ball.

Proof
.
Let (xu) converge to some xEX

.
Then F & Xn@ B

, (x).

let Y : = 3Xn : XnBix13 ,
so Y is finite.

" Y7 X100
&

let := max d(x, g) . Then Y : Bri(x) but alsox
ye Y (Xn : Xu@Y] = B ,

(x) = Brak) ,
QEDso Exu] = Brukh.

Examples .
(a) let X be at and of be 0-1 metric on it

,
i
.
e . dx,) =hey

For a sequence (xu) and xX,
limxn = X <=> F & Xu = X .

U

1) Let X =I for cometbl monempty E ,
with the usual metric d.

·
I

let xn := 0" 19 = P0111 ....0 I

Do of

010 I

Claim
.

Lim Xu = 0.00g 01. g10 e
Il

E
O Proof . Indeed

, every
ball at P& is of the form 20K] for some

000,aso REIN and Fu = k ,
Xu = 04111 ... [04] .

DEN

----- -
Moe generally ,

the following is true :

Prop . A sequence (xn)-IN converges to xI <=3 for each index it IN
Proof

.
HW ** Xu(i) = x(i) .


